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Optimal Multiple-Impulse Satellite Evasive Maneuvers
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Minimum-fuel, impulsive solutions are obtained for the evasive maneuver of a satellite followed by a rendez-
vous with the original orbit station. The evasion distance and time are constrained. Both free and constrained
final time cases are considered. Primer vector theory is used to obtain optimal solutions, which include three-
impulse solutions for an arbitrarily oriented evasion radius vector of a specified magnitude, and two-impulse
free-return trajectories for certain specific evasion radius vectors. On some three-impulse solutions the primer
vector indicates that the addition of a fourth impulse to the return trajectory will lower the fuel cost.

Nomenclature
A = 3 X 3 coefficient matrix in CW equations, Eq. (2)
B = 3 X 3 coefficient matrix in CW equations, Eq. (3)
D = determinant of the matrix N, Eq. (A6)
H = Hamiltonian function, Eq. (B9)
/ = velocity-change cost of nominal three-impulse trajectory
K = time interval between initial and midcourse impulse,

tm ~ t0
L = time interval between final and midcourse impulse, tf - tm
M = 3 X 3 partition of state transition matrix, Eq. (4)
N = 3 X 3 partition of state transition matrix, Eq. (4)
n = mean motion in nominal circular reference orbit
p = primer vector
p = magnitude of primer vector
Q = matrix defined in Eq. (20)
R = radius of threat sphere
r = relative position vector
5 = 3 X 3 partition of state transition matrix, Eq. (4)
s = reference time
T = 3 X 3 partition of state transition matrix, Eq. (4)
TR = maximum allowed evasion time
t = time
u =9/2, Eq. (A7)
v = relative velocity vector
w = scalar defined after Eq. (40)
x = relative position velocity state vector
x = radial relative position coordinate, Fig. (1)
y = tangential relative position coordinate, Fig. (1)
Z = factor in determinant D, Eq. (A7)
z = oul-of-plane relative position coordinate, Fig. (1)
a = 3T*/4, Eq. (36)
A v = vector velocity change due to thrust impulse
A v = magnitude of vector velocity change due to thrust impulse
0 = elapsed time since a reference time, t — s
nm = discontinuity in the out-of-plane midcourse primer rate,

Eq. (42b)
T = time interval between initial and final impulse, tf — t0
T* = time interval between initial and final impulse on a free-

return trajectory
O = 6 X 6 state transition matrix
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(|> = angle between the midcourse position vector rm and the x
axis

0 = zero vector
(*) = time derivative of (*), d(*)/dr

Subscripts
f = final impulse
k = generic subscript that may be 0, m, or/
m = midcourse impulse
0 = initial impulse
tot = total
x =x component
y =y component
z =z component

Superscripts
T = transpose of a vector or matrix
— = immediately before thrust impulse
+ = immediately after thrust impulse
— 1 = inverse of a matrix

Introduction

IN the operational lifetime of a satellite, it may be necessary to
perform avoidance or evasive maneuvers for the satellite to sur-

vive. A maneuver that is often considered is simply to remove the
satellite from its station on orbit using onboard thrusters to a safe
location. Following this, the satellite may either establish a new
orbit that shares some of the desirable characteristics of the origi-
nal orbit, return to a new station on the original orbit, or return to
the original station on the original orbit. It is this last "return-on-
station" option that is considered in this article, because it is the
most demanding, but also it completely re-establishes the original
satellite configuration.

The objective of this study is to determine minimum-fuel strate-
gie"s for return-on-station maneuvers for both constrained and open
final times. Fuel expenditure is critical because the operational
lifetime of the satellite is greatly influenced by its ability to
maneuver, which in turn is greatly affected by the fuel consump-
tion of previous maneuvers.

The literature on optimal avoidance or evasive maneuvers is
quite limited. Kelley et al. have investigated various aspects of the
problem in Refs. 1 and 2. The approach used in the present study is
to apply primer vector theory to obtain minimum-fuel solutions.
This theory has been successfully applied in several impulsive ren-
dezvous and intercept applications, such as Refs. 3 and 4. The
return-on-station maneuver that is analyzed is essentially a rendez-
vous problem with an interior point constraint representing the
safe intermediate location of the satellite. Preliminary results for
the nonlinear version of this problem were obtained by Clifton.5
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threat sphere

Fig. 1 Reference orbit and local vertical xyz coordinate frame.

The present study of the linearized approximation, which is valid
because the evasion distance is small compared with the satellite
orbital radius, provides more insight from the analytical solutions
that are available. Other recent related studies are Refs. 6-9.

Linear Dynamic Model
For an Earth-orbiting satellite, an avoidance maneuver to a dis-

tance of 200 km from the original orbit station represents a 3%
deviation relative to the nominal orbital radius for low-Earth orbit
(LEO). For geosynchronous Earth orbit (GEO), 850 km is less
than 2%. For this reason a linearized analysis using the Hill-Clo-
hessy-Wiltshire (CW) equations10'11 is justified.

The CW equations describe the motion of a satellite relative to a
point on a circular reference orbit. The coordinate frame employed
as shown in Fig. 1 is a rotating local vertical frame with its origin
at the reference point in the circular orbit (the satellite station). The
x axis is radially outward, the y axis is in the orbit plane in the
direction of orbital motion, and the z axis is normal to the orbit
plane. In this context the linear range is a sphere centered at the
origin of the CW frame. However, as discovered by Gobetz,12 the
linear range can be extended to be a torus about the reference orbit
by simply interpreting the components as cylindrical rather than
Cartesian coordinates. The variable x then becomes a differential
radius and y a differential longitude, with the form of the equations
of motion being unchanged.

In first-order form, the CW equations of relative motion can be
expressed in terms of a state vector XT = [r T VT] = [x y z x y z]
as

A B\
(1)

where O and / are the 3 X 3 zero and identity matrices, and

A =

and

B =

3n 0 0
0 0 0

0 0 -n'

0 2n 0
-In 0 0
0 0 0

(2)

(3)

The variable n is the mean motion in the nominal circular refer-
ence orbit. In Eq. (1) the skew-symmetric matrix B [Eq. (3)] repre-

sents the gyroscopic damping due to the fact that the motion is
described in a rotating coordinate frame.

As seen in Eqs. (1-3) the out-of-plane (z) motion is uncoupled
from the in-plane (x-y) motion. The state transition matrix repre-
senting the solution to Eq. (1) can be expressed in terms of 3 X 3
partitions as

«(/, s) = M(t,s) N(t,s)
S(t,s) T(t,s)

(4)

with the elements of the partitions given in Appendix A.

Necessary Conditions for an Optimal Rendezvous
The impulsive evasive maneuver involves transferring the satel-

lite from the origin of the CW coordinate frame to a safe interme-
diate radius rm at a time tm, followed by a return trajectory culmi-
nating in a rendezvous with the origin at the time of the final
impulse tf. The magnitude of rm is constrained by rm > /?, where R
is a specified radius of the threat sphere (Fig. 1), and the time is
constrained by tm < TR. The direction of rm may be specified or free
to be optimized, and the time of the final impulse tf may be con-
strained or free.

The optimal solution to the problem stated requires the determi-
nation of the times, locations, directions, and the number of thrust
impulses that utilize the least fuel in satisfying the boundary condi-
tions and constraints of the problem.The necessary conditions for an
optimal solution are conveniently expressed in terms of the primer
vector, which is the adjoint to the velocity vector, and was first in-
troduced by Lawden13 and extended by Lion and Handelsman.14

A brief description of the necessary conditions for an optimal
impulsive solution without interior path constraints in a general
gravity field appears in Ref. 3. For the special case of the CW
equations the necessary conditions were derived by Jezewski15 and
are described in a modified form in Appendix B of this paper.

To summarize, the necessary conditions for an optimal impul-
sive solution with interior path constraints are

1) The primer vector p ( t ) satisfies the same differential equa-
tion as the relative position vector r(t) and must be continuous.

2) The primer vector magnitude p < 1 during the transfer with
impulses occurring at those instants at which p = I .

3) At an impulse time the primer vector is a unit vector in the
optimal thrust direction.

The main difference in these necessary conditions compared
with those of Lawden13 for the case of no interior path constraints
is that p and hence the Hamiltonian need not be continuous every-
where.

As discussed in Appendix B, the differential change in cost of
the nominal three-impulse evasion-plus-return trajectory, / = Av0 +
Avm + Avy, due to changes in the time of the initial impulse t0, the
time of the final impulse tp the midcourse impulse time tm, and
position rm, is given by Eq. (B 13):

dJ = - , PoPodt0- , <%+(/C- Pm~)7drm

(5)

where H is the Hamiltonian function of Eq. (B9).
As in the rendezvous without interior path constraint application

in Ref. 3, it is evident from Eq. (5) that at the specified initial time
on an optimal solution it is necessary that

(6)

If condition (6) is not satisfied, Eq. (5) indicates that an initial
coast before the first impulse will decrease the cost / by making dJ
< 0. At the specified time of the final impulse it is necessary that

(7)
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with the equality case corresponding to an optimal final-time-open
solution. If the inequality is satisfied in Eq. (7), one has the con-
strained-final-time optimal solution because the cost can be
decreased only by violating the final time constraint. However, if
condition (7) is not satisfied, a final coast (dtf < 0) will decrease
the cost as seen in Eq. (5).

The cost gradients for rm and tm have different interpretations in
the case of an interior point constraint than in Refs. 3, 14, and 15.
If rm is specified, then drm = 0 in Eq. (5), and it is not necessary
that p be continuous at the midcourse impulse as it is in the
unconstrained midcourse impulse case. Similarly, if tm is specified,
the Hamiltonian does not need to be continuous at the midcourse
impulse.

If rm and tm are not specified, but governed by the inequality con-
straints rm > R and tm<TR, then the gradients of Eq. (5) determine
the constrained optimal solutions. For example, if H* - Hm < 0
when tm = TR, then one has obtained the constrained optimum
because the cost can be decreased only by increasing tm, which vio-
lates the constraint tm<TR. Also, if rm is only constrained in mag-
nitude such that rm < R, a point on the threat sphere of radius R at
which the gradient vector p+

m — pm is parallel to rm is a constrained
optimum, because the cost can be decreased only by moving rm
inside the sphere, which violates the constraint.

Three-Impulse Solutions
The maneuver sequence in the general case requires three

impulses: a first impulse to depart the orbit station and to attain the
safe location at rm, a midcourse impulse at rm to establish a trajec-
tory that returns to the original orbit station, and a final impulse to
rendezvous with the original station at the final time.

The state equations for this maneuver can be simply written
using the facts that r0 = /y = 0 and v0 = v ̂  - 0 because the orbit
station, and hence the original and final state, is the origin of the
CW coordinate frame. For simplicity, let K = tm — t0 and L = tf —
tm. In terms of the partitions of the state transition matrix of Eq. (4)
and Appendix A,

= N(K)Av0 (8a)

(8b)

where the fact has been used that the first velocity change Av0 is
equal to the velocity vector after the first impulse v+

0, because v~
-0.

Similarly,

(9a)

The solutions for the primer vector and its derivative are
obtained as in Refs. 3, 4, 14, and 15 by applying as boundary con-
ditions the necessary conditions that at the impulse times the
primer vector is a unit vector in the velocity change direction, pk =
AvjVAv^, and the fact that the primer vector is continuous across
impulses. The/?0,/;m, and pf are known from Eqs. (11), yielding

(12)

and also

Pf=S(L)pm

(13)

(14)

(15)

From Eq. (12) one determines the initial primer rate in terms of the
known p0 and pm as

(16)

Similarly, from Eq. (14) one determines the primer rate immedi-
ately after the midcourse impulse in terms of the known pm and Pf
as

p+
m=N-\L)[pf-M(Dpm} (17)

Subtracting Eq. (13) from Eq. (17) yields the discontinuity in pm
across the midcourse impulse and supplies the cost gradient for rm
in Eqs. (5) and (B9). In addition, the discontinuity in the Hamilto-
nian of Eq. (B9), which is the cost gradient for tm in Eqs. (5) and
(B15), is given by

= P~Tvm- (18)

where the primer rates and the velocity vectors are known.
Because the primer vector and its rate are known at the begin-

ning of each segment of the trajectory, the primer vector can be
propagated along each segment using the transition matrix. If the
primer magnitude exceeds unity anywhere, improvements to the
trajectory can be made by introducing either an initial coast, a final
coast, an increase in the final time, or a midcourse impulse, as out-
lined in Ref. 14 and successfully applied in Refs. 3 and 4.

where the fact that vm = 0 has been used.
The midcourse velocity change Avm is given by

Avm = v* - v ~

(9b)

(10)

Combining Eqs. (8-10), one can explicitly write the three veloc-
ity changes as

Avm = -[T(K)N-\K)+N(L)M(L)}rm

Av7 = [T(L) N-\L)M(L) - S(L)] rm

(lla)

(lib)

(He)

where, as.mentioned previously, the time interval K and the mid-
course radius magnitude rm are constrained and the time interval L
may be constrained or free. The inverse of the N partition is
assumed to exist for the time intervals considered. Isolated singu-
larities of the matrix N exist and are discussed in Appendix A.

Free-Return Two-Impulse Solutions
In the course of iteratively converging to solutions to the nonlin-

ear final-time-open problem of Ref. 5, Clifton noted that if the
midcourse radius rm was constrained in magnitude only, as tf and
rm were changed based on the gradients of Eq. (5), the magnitude
of the velocity change Avm tended to zero. This indicated that val-
ues of rm exist for which a two-impulse solution coasts through rm
at time tm and returns to the origin without a midcourse impulse.
The fuel cost of this type of maneuver is very economical, because
the only cost is to get to rm within the allotted time and then to
coast to and rendezvous with the origin.

The linear dynamic model utilized in this study provides an
excellent basis for analyzing this phenomenon. As will be seen
later, the values of rm and the corresponding maneuver times are
determined by solving an eigenvalue problem.

A free-return trajectory of this type is one for which Avm = 0 in
Eq. (lib) and which returns to the origin after some elapsed time
T. Combining Eqs. (8) and (9) with v* -v~m results in

rf= 0 = M(L)N(K)Av0 + N(L)T(K)Av0 =

where 1 = L + K.

(19)
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Combining Eq. (19) with Eq. (8) for the evasion radius rm yields

(20)

where the matrix Q is defined for future reference.The free-return
evasion radii are then eigenvectors of the matrix Q according to
Eq. (20). For a nonzero rm to exist, the matrix Q must be singular,
which can occur only if N(i) is singular and N~l(K) exists, i.e.,
N(K) is nonsingular. The desired value of rm to satisfy Eq. (20)
then lies in the null-space of the matrix g, which is either a line
through the origin of the CW frame or, in the case of two zero
eigenvalues, a plane containing the origin.

The singularities of N(r) occur at values of T equal to integer
multiples of n (integer multiples of half the circular reference
period) and at other isolated values as discussed in Appendix A.

For each value of the final time T for which N(T) is singular (and
thus permits a free-return trajectory), specifying the evasion time
automatically determines the value of the return time L = T — K.
The next step is to determine the eigenvector(s) of Q correspond-
ing to the zero eigenvalue(s) of Q.

A simple way to do this is to determine the locus of rm for all
evasion times 0 < K < T. This is simply the free-return trajectory
itself and can be obtained by evaluating Av0 from Eq. (19) along
with rm from Eq. (8). The various cases are now considered.

For a free-return trajectory with T = (2m — 1)71, w = 1, 2, 3, . . . ,
one substitutes N[(2m - l)n] into Eq. (19) to yield

For a free-return trajectory with i = 2mn, m = 1, 2, 3, ... , one
substitutes N(2mn) into Eq. (19) to yield

0 0 0
0 -6mrc 0
0 0 0

Av =0

which admits the solution

A T =[Av0jc 0 Av0J

Substituting Eq. (29) into Eq. (8a) yields the eigenvector

rj = [ sin K Av0jc - 2(1 - cos K) Av0x sin K Av0z ]

(28)

(29)

(30)

This indicates that the Q matrix has two zero eigenvalues and
therefore has a null-space that is a plane containing the origin. Any
rm vector in this plane provides a free-return trajectory. The opti-
mal choice of the components of Av0 are those that provide a given
magnitude of rm (say, unity) with minimum magnitude Av0. This is
a simple linear programming problem that can be solved by
inspection. First, set the sum of the squares of the components of
Av0 equal to unity:

[ sin2K + .4(1 - cos K}2] = 1 (31)

0 4 0
-4 -3(2m-l) 0
0 0 0

Av =0 (21)

which admits the purely out-of-plane solution

To minimize the quantity Av0jc + Av0z, it is obvious that, since both
coefficients on the left-hand side of Eq. (31) are positive, the opti-
mal choice is Av0z = 0, because it has the smaller coefficient and is
therefore less efficient in achieving the sum equal to unity. (This
assumes cos K * 0, which has already been ruled out because N(K)
is singular for this value.) Thus the optimal rm is strictly in track (in
plane) with

A v 0 = [ O O A v J (22)

Substituting into Eq. (8) using Eq. (A3), one finds that

Av0 = rm {[(cos K - 1)(3 cos K - 5)]" /2 0 0}

and Avy = — Av0 for a total fuel cost of

(32)

N(K) =
sinK 2(1-cos K) 0

-2(1- cos K) 4s'mK-3K 0
0 0 sin K

(23)

yields the solution for the eigenvector as

(24)

The initial velocity change of Eq. (22) can then be evaluated as

Av0 = N~l rm = [ 0 0 rm esc K ]

which is valid for all K except for sin K = 0.
The final velocity change is determined to be

(25)

(26)

The entire maneuver represents an odd multiple of one-half cycle
of the undamped oscillator represented by Eqs. (1-3) for the cross-
track (out-of-plane) motion:

(27)

and thus the total cost is Avtot = 2rmcsc K. The orbit of this free-
return trajectory in an inertial frame is a circular orbit of the same
radius as the reference orbit, inclined at an angle equal to rmcsc K
radians.

Avtot = 2rm [(cos K-l)(3 cos K - 5)]" (33)

The direction of the optimal eigenvector, corresponding to Av0
= 0, in Eq. (30) depends on the specified value of K. The angle $ is
given by

. -2(1-costan 4> = —v .smK (34)

Figure 2 displays the free-return trajectory for several eigenvec-
tor directions. The inertial orbit for this trajectory is an elliptic
orbit that has the same period as the circular reference orbit. The
elliptic orbit achieves either periapse or apoapse one-quarter
period after departing the orbit station, depending on whether Av0
is directed radially inward or outward.

For T = 2.813571 (506.43 deg) = T*, the free-return trajectory is
obtained by substituting JV(i*), along with the conditions in Eq.
(A6), into Eq. (19) to yield

sinT* 3T*sinT*/4 0
-3T* sin T*/4 4 sin T* - 3T* 0

0 0 sin T*

Av =0 (35)

which has the solution

where a = 3i*/4 = 6.629

(36)
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Fig. 2 Free-return trajectory for T = 2mn.

where

w = {[asmK - 2(1 -cos/Q]2

+ [3K - 4 sin K - 2a(l - cos K)]2} '/2

Details of Pure Cross-Track Free-Return Trajectory
As a specific example, the details of the primer vector for a pure

cross-track free-return trajectory with T = n are presented.The
cross-track case is particularly easy to demonstrate because the
transition matrix for the state XT = [z z ] is the simple rotation
matrix given by the cross-track portion of Eq. (Al) as

0(0) = cos 0
-sin 0

sin0
cos0

(41)

where 0 = t — s (Appendix A).
Because the problem is one dimensional, the primer vector can

be interpreted as a scalar that can have both positive and negative
values. Applying the necessary conditions that the initial and final
primer magnitudes must be unity, along with the equality case of
Eq. (7) for a final-time-open optimal solution that dictates that pf
= 0 in this case, results in the following relationship between the
initial and final primer vector and its rate. From

Pm

Pm

(42a)

Fig. 3 Free-return trajectory for i - 2.81357C.

Pf
\pf\

(42b)

Substituting into Eq. (8) yields the eigenvectors

a sin K-2(l -cosK)
3K-4sinK-2a(l-cosK)

0
Av, (37)

by
The angle 0 of the eigenvector with respect to the x axis is given

q >~ asm K-2(l- cos K) (38)

Figure 3 displays the free-return trajectory along with the vari-
ous eigenvector directions, which correspond to different values of
the evasion time K. The inertial orbit corresponding to this free-
return trajectory is an elliptic orbit that has its periapse inside the
reference orbit, apoapse outside the reference orbit, and period
slightly different from the reference orbit. The return-on-station
and rendezvous occur at the third crossing of the free-return orbit
with the reference orbit. The other solutions mentioned in Appen-
dix A, such as T = 4.890671, correspond to the fifth and higher
intersections of similar free-return trajectories.

The final velocity change is given by

Av/ = [a 1 0]Av0 (39)

such that Av^ = Av0, and from Eq. (8a) it follows that Av0 = rm/w
and the total fuel cost is

where nm represents the discontinuity in the variable pm. Simpli-
fying, using <D(L)O(/T) = O(T) = O(7t) from Eq. (41).

inL
cos L

which has the solution

nm = 2 esc L = 2 esc K

P0=2cotL = -2cotK

(43)

(44a)

(44b)

where K = n — L has been used.
Figure 4 shows a phase-plane plot of the primer and its deriva-

tive for the case K = n/4. For this case p0 = — 2 and nm = 2^2
from Eq. (44). As can be seen in Fig. 4, p < 1 throughout the solu-
tion, which is an additional necessary condition for an optimal
solution. Note also that pm * 1 as would be the case if a midcourse
impulse were required.

Concerning the inequality constraints on evasion time and
radius magnitude, one can examine the gradients in Eq. (5) to
determine whether a constrained optimal solution has been
obtained. The fact that the discontinuity in pm, represented by 7Cm,
is positive indicates that the constrained optimal solution for rm >
R is attained at rm = R, because the cost can be reduced only by
decreasing rm, which violates the constraint. Similarly, the gradient
for the evasion time is, from Eq. (B8), for the free-return case,

(40) — —n v (45)
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180

Fig. 4 Phase-plane plot for pure cross-track evasion. Fig. 6 Primer vector magnitude for optimal time-free case.
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Fig. 5 Primer vector magnitude for optimal time-fixed case.

1.5 —
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0.5 --V-

315 360

Fig. 7 Primer vector magnitude for nonoptimal time-free case.

which for the pure cross-track case is, since vm = T(K) Av0 and
T(K) = cos K from Eq. (41),

(46)

which is negative for nm > 0 and 0 < K < n 12. This indicates that
the cost can be reduced only by increasing the evasion time.
Because the constraint is tm<TR, this implies that the constrained
optimal solution is tm = TR.

Numerical Results
A few specific numerical examples of the trajectories discussed

in the previous three sections are presented here.
For the pure cross-track free-return trajectory for T = n and K =

n /4, Eqs. (25) and (26) yield a total fuel cost of 2 ̂ 2 canonical
velocity units per distance unit of rm. For a geosynchronous orbit
the canonical distance unit is 42,164 km and the time unit is 3.8 h,
resulting in a velocity unit of 3.08 km/s. For a magnitude of rm
equal to 185 km (100 n.mi.) the total fuel cost is 38.26 m/s (125.3
ft/s). The value of K = n/4 for the geosynchronous case corre-
sponds to an evasion time of approximately 3 h.

Figure 5 displays the primer vector magnitude p for the case K =
n /4, T = n (the total maneuver time is one-half the reference orbit
period), and an in-track rm = [0 1 0]. The solution satisfies the
necessary condition for an optimal solution that p < 1. In addition,
the expected discontinuity in the time derivative of the primer vec-

tor occurs at time K. However, one must examine the various con-
straints to determine if a constrained optimal solution has been
obtained.

The fact that the slope of the primer vector magnitude at the
final time is positive satisfies the necessary condition in Eq. (7).
Also, the fact that the cost gradient with respect to tm in Eq. (5) has
a negative value of -3.1 indicates a constrained optimal solution
for tm<TR =n /4, because the cost can be lowered only by having
tm exceed TR. Similarly, the cost gradient with respect to rm in Eq.
(5) is at an angle of 20.4 deg with rm itself. If rm is at its minimum
magnitude (i.e., on the surface of the threat sphere), this indicates
that for the specified evasion vector direction one has achieved the
constrained optimal solution because the cost can be decreased
only by going inside the threat sphere and violating the constraint.
The fact that the cost gradient with respect to rm is not parallel to
rm indicates that the optimal direction of rm has not been achieved.
One can move along the surface of the threat sphere and decrease
the cost until the gradient and rm become parallel. This is precisely
the two-impulse free-return case where the magnitude of the
impulse on the sphere goes to zero.

The primer history in Fig. 6 corresponds to an optimized final
time case in which the equality condition is satisfied in Eq. (7). A
one-dimensional search using the final-time gradient from Eq. (5)
was utilized to converge iteratively on the optimal final time of
166 deg in this example case (11.04 h for geosynchronous orbit).
The specified evasion direction is rj = [0 V2 «/2 ]/2 and K = n/4
= 45 deg. The fuel cost is 3.20 per unit of rm in canonical units,
corresponding to 43.2 m/s (141.7 ft/s) for rm equal to 185 km.
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Lastly, Fig. 7 shows another local minimum for the same rm and
K as in Fig. 6. In this case the optimal final time is 337.9 deg.
Note, however, that the necessary condition that p < I is violated
on the return portion of the trajectory. The specific form of the
primer magnitude violation in Fig. 7 indicates that an additional
midcourse (fourth) impulse will lower the cost. This is a topic of
ongoing research that utilizes the same procedure successfully
applied in Ref. 3, which uses midcourse impulse gradients analo-
gous to those in Eq. (5). The utility of the fourth impulse is demon-
strated by the fact that the cost of the nonoptimal trajectory in Fig.
7 is already less than the local optimal solution shown in Fig. 6,
namely, 42.5 m/s (139.5 ft/s).

Concluding Remarks
The combination of a linear dynamic model and primer vector

theory has provided analytical results for the optimal impulsive
satellite evasive maneuver problem. The return-on-station maneu-
vers are probably the most expensive in terms of fuel required,
compared with other less-exacting maneuvers, but when opti-
mized, they provide benchmarks with which costs of other maneu-
vers can be compared. Furthermore, the existence of four-impulse
optimal trajectories has been demonstrated.

Intersections of a straight line through the origin having slope
less than unity with the tangent function occur on every branch of
the tangent curve except the first.

The smallest two zeros of Z(6) are determined numerically to be
2.8135 n (506.43 deg) and 4.8906 n (880.31 deg).

Appendix B: Cost Gradients
The CW equations of motion (1) can be written in equivalent

form as

r = v

v =Ar + Bv

(Bl)

(B2)

Corresponding to the state vector XT = [r7 v7], one can define an
adjoint vector U = [qT pT] as in Ref. 14, where p is the adjoint to
the velocity vector (the primer vector) and q is the adjoint to the
position vector. The state and adjoint equations of motion can be
expressed in canonical form using the Hamiltonian function and
Eq. (Bl)as

= pTv+ qTf = pT(Ar + Bv) + qTv (B3)

Appendix A: State Transition Matrix
The partitions of the state transition matrix of Eq. (4) are

S(t,s) T(t,s\
(Al)

where the individual elements are expressed in terms of 6 = t — s
in canonical time units such that the reference orbit mean motion n
is equal to unity as

M(0) =
4 - 3 cos 6 0 0

6 (sine-9) 1 0
0 0 cos 0

sin0 2(1-cosO) 0
-2(1-cosO) 4sine-3e 0

0 0 sin e

3 sin 6 0 0
S(6) = _6(1-cos 6) 0 0

0 0 -sin (

cos 6 2 sin 6 0
J(6) = _2 sine 4 cos 6-3 0

0 0 cos 6

(A2)

(A3)

(A4)

(A5)

The singularities of the partition N(Q) are important because its
inverse appears in expressions for the velocity changes, such as
Eqs. (12-14) and elsewhere. Denoting the determinant of the
matrix N(Q) by D(9), from Eq. (A3):

D(6) = sin e [8(1 - cos 0) - 3 e sin 0] (A6)

It is obvious that D(mn) = 0 for m = 0, 1, 2 , . . . , but other singular-
ities also exist. This can be seen by writing Eq. (A6) as Z)(6) = sin
6Z(6). Solutions to Z = 0 are then given by

i -cose e 3e (A7)

' r=^> *r = ̂  (B4)

and

(B5)

(B6)

Combining the latter two equations and using the fact that the
matrix A is symmetric and B is skew symmetric result in

p = Ap + Bp (B7)

Comparing Eqs. (B7) with Eqs. (Bl) and (B2), it is evident that
the primer vector satisfies the same differential equation as the rel-
ative position vector r. Thus the state transition matrix O(r, s) of
Appendix A can be used to propagate the vector composed of the
primer vector and its derivative:

LJKO.
r, s) P(s)

P(s).
(B8)

This property in the CW rotating coordinate frame is analogous
to the inertial frame.14 It thereby eliminates the need to use a sepa-
rate transition matrix for the adjoint system to propagate the X vec-
tor as was done in Ref. 15.

The Hamiltonian function (B3) can also be written in terms of p
and p rather than/? and q as

= pTAr- PTv (B9)

Using this formulation, one finds that the CW cost gradients
derived in Ref. 14 become identical to those derived earlier for an
inertial reference frame in Ref. 13. The necessary conditions for a
minimum cost / due to a change in the time of the initial impulse
dr0, a change in the time of the final impulse dfy, and changes in
the midcourse position drm and time dtm are obtained from the cost

, + Av/r

in a manner similar to Refs. 14 and 15 to be

(BIO)

d/= - p*p0dt0 - kvfpjpfdtf+(p+
m -p~f drm

or, tan u = 3u/4 where u = 6/2. (Bll)
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From the expression for d/, using the continuity of pm, one iden-
tifies the gradients of the cost as

V
a/

(B12)

(B13)

(B14)

(B15)

These cost gradients are used to perform the iterative cost opti-
mization and provide convergence.
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